Abstract. The spectra of parallel flows (that is, flows governed by first-order differential operators parallel to one direction) are investigated, on both L 2 spaces and weighted-L 2 spaces. As a consequence, an example of a flow admitting a purely singular continuous spectrum is provided. For flows admitting more regular spectra the density of states is analyzed, and spaces on which it is uniformly bounded are identified. As an application, an ergodic theorem with uniform convergence is proved.
Introduction
We study operators of the form
and We naturally call such operators shear flows which is the standard term in fluid dynamics for flows that have straight and parallel flow lines. Since ψ and w are assumed to be realvalued both H 1 and H w are symmetric. Self-adjointness of H 1 (under mild conditions on ψ) is standard (Corollary 2.6), but that is not the case for H w . In Theorem 3.5 we give sufficient conditions on w and find an appropriate domain so that H w is self-adjoint. We characterize the spectrum of H w and give an explicit example where the spectrum is purely singular continuous.
In cases where the spectrum is more well-behaved, we study the density of states of both operators and identify spaces
on which there is an explicit estimate for the density of states of both operators (the parameter σ ∈ R is related to the behavior at infinity). Letting G t = e itHw be the one-parameter unitary group of transformations generated by H w and letting P be the orthogonal projection onto {f ∈ L [15] in his proof of the ergodic theorem. It diverges from von Neumann's proof in that we replace the Stieltjes measure d(E(λ)f, g) by its density using the estimates on the density of states. The existing literature on spectra of first-order differential operators, it appears, has primarily been in relation to Euler's equations for incompressible fluids, in particular in two-dimensions and in bounded domains. Recently, Cox [3] studied the spectrum of the linearization of Euler's equations in the vorticity formulation. Specifically, he focused on the spectrum due to periodic trajectories of the flow. These results are analogous to our results for unbounded trajectories in weighted spaces, see Corollary 3.6. We refer to the references within [3] as well as the survey article [13] for further discussion.
The literature on ergodic theory is vast, going back to von Neumann [15] and Birkhoff [2] . In his proof, von Neumann for the first time provided a concrete example of the benefits of the spectral theorem for operators in Hilbert spaces, and, in particular, the resolution of the identity related to self-adjoint operators. Referring to [8] , he says:
The pith of the idea in Koopman's method resides in the conception of the spectrum E(λ) reflecting, in its structure, the properties of the dynamical system -more precisely, those properties of the system which are true "almost everywhere," in the sense of Lebesgue sets.
More recent results often treat discrete ergodic theorems, e.g. in relation to the theory of Cesàro sums. For instance, in [6] it shown that such sums may converge very slowly. The relationship between the behavior of the spectral measure and the density of statesparticularly near zero -and ergodic averages has been the subject of study of some in the Russian school. See [4] for instance, and the references therein.
In a separate paper [1] together with a coauthor, the problem of extending the present results to more general first-order differential operators (that is, vectorfields) in R d and even on Riemannian manifolds, is being addressed. The main hurdle is in finding a satisfactory set of sufficient conditions for such vectorfields to be rectifiable and hence adhere to the results presented here.
2. Background 2.1. Self-adjoint operators. The spectral theorem is the central tool we use in this work. As a fundamental theorem in modern analysis, there is no need to state it here. However, as it is only applicable to self-adjoint operators, it is essential to study the self-adjointness of differential operators which are formally symmetric. This becomes especially delicate when considering operators on weighted spaces, see Section 3. In this section we use the letter H to denote a Hilbert space, and H to denote a generic linear operator on it. The domain of H is denoted D(H). We shall always specify what precise assumptions are imposed on them.
Remark 2.1. When there is no risk for confusion we shall abuse notation and use the same symbol for an essentially self-adjoint operator and its unique self-adjoint extension.
For the following definition we follow [7, IV- §5.1 and V- §3.4]:
If H is closed and symmetric then we define its deficiency index to be
The following result is very useful for determining (essential) self-adjointness of operators. For proofs and discussions see [12, Theorem VIII.3] , [7, V, Theorem 3.16] or [14] . Proposition 2.3 (Basic criterion for self-adjointness). Let H : D(H) ⊂ H → H be densely defined and symmetric. Then H is essentially self-adjoint if and only if Ran(H ± i) are both dense in H. If H is also closed, then it is self-adjoint if and only if Ran(H ± i) = H (that is, the deficiency index of H is (0, 0)).
We refer to T. Tao's blog [14] for a discussion of the following proposition, which is essentially a reformulation of Stone's theorem: Proposition 2.4. Let H : D(H) ⊂ H → H be densely defined and symmetric and suppose that for every f ∈ D(H) there exists a continuously (strongly) differentiable function u :
Then H is essentially self-adjoint.
As expected, transport operators corresponding to divergence-free vectorfields are essentially self-adjoint. Since this is not trivial, we quote the following result which appears in [14] and whose proof relies on Proposition 2.4. Proposition 2.5. Let (M, g) be a Riemannian manifold and let u be a divergence-free vectorfield on M (with respect to the metric g). Let X(s, x) denote the integral curves (trajectories) of the flow, solving the equation d ds X(s, x) = u(X(s, x)) with initial conditions X(0, x) = x, and assume that for each x ∈ M the solution of this equation exists for all s. Then the operator
is essentially self-adjoint.
and, more generally, the shear flow operator
2.2. The spectral family. Consider some self-adjoint operator H :
Recall first the characterization of its spectral family (also known as a resolution of the identity). The spectral family {E(λ)} λ∈R of H is a family of projection operators in H with the property that, for each λ ∈ R, the subspace H λ = E(λ)H is the largest closed subspace such that
2.2.1. The spectral measure and its absolutely continuous part. Given any f, g ∈ H the spectral family defines a complex function of bounded variation on the real line, given by
It is well-known that such a function gives rise to a measure (depending on f, g) called the spectral measure. Recall the following useful fact:
The set of f, g ∈ H for which the spectral measure is absolutely continuous in U with respect to the Lebesgue measure forms a closed subspace A ⊂ H. This subspace is referred to as the absolutely continuous subspace of H on U .
2.2.2.
The density of states. Let A ⊂ H be the absolutely continuous subspace of H on U and let λ 0 ∈ U . If there exists a subspace X ⊂ A equipped with a stronger norm such that the bilinear form
where ·, · is the (X * , X ) dual-space pairing, and X * is the dual of X with respect to the inner-product on H. We refer to both the bilinear form
(E(λ)·, ·) H and the operator A(λ 0 ) as the density of states of the operator H at λ 0 . In physics, the density of states at λ 0 represents the number possible states a system can attain at the energy level λ 0 .
Multiplication operators.
Multiplication operators have the added benefit of having a spectral family that is completely identifiable. Let Ω ⊂ R d be a domain that is either bounded or unbounded and consider the self-adjoint operator Proposition 2.8. The projection E(λ) where λ ∈ R, is the set of u ∈ L 2 (Ω) such that the set {x ∈ Ω | u(x) = 0, m(x) > λ} has zero measure.
Proof. Any u ∈ L 2 (Ω) that vanishes on the set {m > λ} is clearly an element of 
. Thus, the set B = {x ∈ Ω | v(x) = 0, m(x) ≤ λ} has also positive measure. By the beginning of the proof, the restriction
. It follows that also v − w is in the subspace, and is supported in A, where
, in contradiction to the definition of the spectral projection.
Direct integrals.
Shear flows (and all regular flows, for that matter) admit a natural decomposition into fibers: each flow line is independent of any other flow line, and on it the shear flow operator reduces to a one-dimensional derivative. Hence, considering the (more general) weighted case, the space
is decomposable as
where
In Theorem 3.5 we carefully state what are the domains of these operators. Naturally, this decomposition induces a relationship between the spectrum of each fiber H x ′ w and the spectrum of H w . Most importantly, the spectral family is related through
where {E x ′ w (λ)} λ∈R is the spectral family of the operator H x ′ w and the spectrum itself satisfies
where L d−1 denotes the d − 1 dimensional Lebesgue measure. These facts will be useful later. Another important observation, a corollary of equations (2.6) and (2.9), is that if
where the measures on S and its complement are the ones induced from the restriction of the Lebesgue measure on R d−1 . Hence we can conclude in addition that
The notion of a direct integral is originally due to von Neumann [16] , who called it a generalized direct sum. We refer to [11, §16] or [10] as additional references.
3. The spectrum in weighted-L 2 spaces
In this section we establish properties of transport operators in weighted spaces, and, in particular, adapt Corollary 2.6 to this situation. For simplicity, we first treat the simpler one-dimensional case, and then use our observations to prove Theorem 3.5 for parallel flows in higher dimensions.
is self-adjoint as well, or is at least essentially self-adjoint. As we show below this is not true in general. Though this is discouraging, we show that in the case of interest T 0 = T = −i d dx there exists an appropriate choice of domain that allows for the extraction of a particular self-adjoint extension of T w .
As we have already seen in Corollary 2.6 the operator T = −i
It is well known (basically by definition) that its unique self-adjoint extension, which we continue to denote by T , has H 1 (R) as its domain, where
Define the sets
and
Then the symmetric and densely defined operator
is not essentially self-adjoint, but each of the one-parameter family of operators
is essentially self-adjoint. We denote by H 
Proof. It is clear that T w is symmetric, closed and densely defined on D 0 . Before showing that it is not essentially self-adjoint on the domain D 0 , we remark that D 0 is natural to consider: indeed, the condition w
w (R). Moreover, for such functions f the limits at ±∞ always exist (and are zero) since
by an elementary Cauchy-Schwarz inequality using the fact that w ∈ L 1 (R):
To show that T w is not essentially self-adjoint on the domain D 0 we show that the containment T w ⊂ T * w is proper. Therefore our starting point is identifying the adjoint operator, which, in our case, is actually the maximal operator associated with the differential operator −iw
and we get (in the sense of distributions)
We conclude that if the domain of T w is taken to be D 0 then the adjoint has domain
To show that T w is not essentially self-adjoint on D 0 we need to solve (T * w ± i)g = 0 (see Proposition 2.3). Such solutions are given by
However g / ∈ D 0 since it does not decay. In fact, we have just shown that the deficiency index of T w with domain D 0 is (1, 1).
To show that T w is essentially self-adjoint on the domain D
Note that D α 1 ⊃ D 0 for every α. As before, by taking f to be a smooth, compactly supported test function we can conclude that g is differentiable and −iw
The left hand side of (3.3) becomes
w (R) all limits exist so that we obtain
which must equal the right hand side of (3.3):
For this equality to hold in general, g must satisfy αg(∞) = g(−∞), which becomes g(∞) = αg(−∞ The condition f (∞) = αf (−∞) becomes (using the relation α = e iβ )
so that we conclude
The fact that there are no additional points in the spectrum is due to H α w having compact resolvent. Indeed, let us show that R
1 be a bounded set. All elements of K are uniformly bounded at ±∞, and therefore for every ǫ > 0 there exists M > 0 such that |x|>M |f (x)| 2 w(x) dx < ǫ for
w (R) is standard, using Rellich's theorem on |x| < M and the smallness of the tails on |x| > M . Remark 3.2. We note that if the weight w has the uniform bounds 0 < c < w(x) < C < ∞ for a.e x then a simple change of coordinates with a uniformly bounded Jacobian transforms w to a constant weight, so that the spectrum is continuous on R.
does not have such uniform bounds, then not only is it not clear what the spectrum is, it is not even clear how to define a domain for T w so that it is self-adjoint.
Remark 3.
3. An important observation is that the weighted case (with an L 1 weight) with α = 1 is completely analogous to the case of a flow on the circle. However, due to the possibility of choosing α = 1, the weighted case is richer than the periodic case. This is demonstrated in Theorem 3.8.
3.2.
The multi-dimensional case. In approaching the question of self-adjointness of transport operators on weighted spaces in higher dimensions there are two main routes. One may analyze these operators directly, attempting to find appropriate domains of definition so that essential self-adjointness ensues. Alternatively, one may view the d-dimensional case as being made up of a family of one-dimensional fibers. We shall pursue the latter alternative, following the ideas set by von Neumann [16] . We use the notation of Section 2.4.
Definition 3.4. We say that a (positive) bounded weight function
The set S is called the confinement region. If there exists M > 0 such that w(·, x ′ ) L 1 (R) < M for all x ′ ∈ S we say that w is M -confined.
Note that a-priori there is no restriction on the size of S: it may have zero or full measure in R d−1 . 
We keep the same notation for their unique self-adjoint extension. Then the shear flow operator
may be represented as the fibered direct sum
and is self-adjoint with domain
Moreover, the spectrum Σ(H w ) is characterized as follows:
We refer to [11, Theorem XIII.85] for an essentially similar statement, including proof.
. As we have proved in Theorem 3.1,
for any x ′ ∈ R d−1 for which w(·, x ′ ) is integrable, the operator H x ′ w has pure point spectrum, and its eigenvalues are
Recalling the decomposition (2.10) of H w into H 
(1) If 0 < m = M < ∞ then the spectrum of H S w consists solely of a discrete part:
(2) If 0 < m < M < +∞ then the spectrum of H S w is: This simple result is completely analogous to the case of a periodic incompressible flow, with minimal and maximal periods T min and T max corresponding to m and M . We refer to [3] for a recent result concerning such flows, including analogous proof.
Remark 3.7. There is no guarantee that the spectra appearing in parts (2), (3) and (4) of Corollary 3.6 are absolutely continuous. Indeed, if for example
is constant on some subset S ′ ⊂ S of positive measure, there will be an embedded eigenvalue.
As mentioned in Remark 3.3, the presence of the parameter α(x ′ ) provides more flexibility that does not exist in the periodic case. Let us demonstrate this: 
has a spectrum which is purely singular continuous.
Proof. Let the weight w = w(x 1 ) depend only on x 1 , and assume that |w(x 1 )| dx 1 = W < +∞. Then in this case S = R d−1 and equations (3.6) and (3.7) combined provide a full characterization of the spectrum Σ(H w ). Let C be some Cantor set contained in (0, π W ), and without loss of generality assume that π W ≤ 2π. Then any choice of β(x ′ ) such that Ran(β) = C produces such an operator. The spectrum in this case is purely singular continuous:
The density of states
We exploit the explicit and simple unitary relationship between differential operators and multiplication operators provided by the Fourier transform, to estimate the density of states of shear flows.
4.1. The L 2 case. To set ideas, we start with the simple operator
We continue to denote its unique self-adjoint extension by
. We refer to [7, V- §3.3, Example 3.14] for further discussion. Denote its spectral family by {E(λ)} λ∈R and let
be the partial Fourier transform with respect to the first variable. It is well known that
Their spectral families are therefore related by the same unitary equivalence. This fact allows us to express E(λ) using the simple expression given in (2.1) for multiplication operators:
where f ∈ D(T 1 ). Equivalently, we may write in bilinear form: given f, g ∈ D(T 1 ) the spectral measure satisfies
Therefore, whenever the mapping
is differentiable, the density of states is given by
In order to make sense of the last equation, we use the trace theorem for half-spaces [9, Theorem 9.4]. It is sufficient to assume that
That is, in view of the discussion of the density of states in Subsection 2.
is the subspace on which there is an explicit estimate for the density of states of T 1 . The absolutely continuous subspace is, in fact, L 2 (R d ) itself (see Proposition 4.5 below for a precise and more general statement). For brevity we shall denote
for the remainder of this section. Now we turn our attention to shear flows, as defined in equation (1.1).
Proposition 4.1. The shear flow H 1 is unitarily equivalent to the uniform flow T 1 .
Proof. Consider the unitary mapping U :
It is easy to verify that
It follows from Proposition 4.1 that the spectral families of T 1 and H 1 are unitarily equivalent by the same unitary transformation U, that in turn depends on ψ. However, in order to attain bounds for the density of states, we need to impose further hypotheses on ψ: Definition 4.2 (Regular shear flow). We say that the operator H 1 is a regular shear flow whenever ψ satisfies the following assumptions:
A1 ψ is positive, bounded uniformly away from 0:
A2 ψ is globally Lipschitz with constant L:
As before, we shall obtain information on the spectral measure of H 1 by first considering a multiplication operator that is unitarily equivalent to it. The partial Fourier transform F 1 defined in (4.1) defines a unitary transformation
. Denoting the spectral family of H 1 by {E(λ)} λ∈R we obtain the following bilinear form:
Then, as before, on the absolutely continuous subspace (which we identify in Proposition 4.5) we can write the expression for the density of states as
which is a surface integral over the (d − 1)-dimensional surface
with dS λ0 being the Lebesgue surface measure. The appearance of the gradient
in (4.6) is due to the coarea formula (see [5, Appendix C.3] ). Since ψ is assumed to be uniformly bounded away from 0, the term |∇(ψξ 1 )| −1 is uniformly bounded. Moreover, Γ λ0
is globally Lipschitz continuous since it is the graph of x ′ → λ 0 /ψ(x ′ ). Indeed, we have that
We denote by L Γ λ 0 := |λ 0 |L ℓ 2 the Lipschitz constant of the surface Γ λ0 . As before, to make sense of the right hand side of (4.6) we need a theorem that allows us to evaluate the traces of 
) is defined in (4.4) and where C(σ, ψ, λ 0 ) = C(σ, ℓ)(1 + L Γ λ 0 ) > 0 is a constant depending on σ, ℓ, L and λ 0 , but not on f or g.
Proof. First we estimate the expression (4.1) for the partial Fourier transform with respect to the first variable as (here ξ 1 ∈ R)
We write the surface measure on Γ λ0 as
Hence, integrating (4.7) on Γ λ0 we estimate (4.6) as follows:
which proves the claim.
We can now give a concrete example of the abstract formula (2.2):
space (with respect to the L 2 inner product) to X σ . There exists an operator A(λ) :
where ·, · denotes the pairing of the dual spaces (X −σ , X σ ). Moreover its operator norm satisfies the bound
where C(σ, ℓ) is the same constant as in (4.8).
Proof. The existence of A(λ) is standard, due to the fact that X −σ is the dual space to X σ with respect to the L 2 (R d ) scalar product. The bound on its operator norm is due to the bound on the norm of the bilinear form
Proposition 4.5. The spectral measure of the self-adjoint operator
is absolutely continuous with respect to the Lebesgue measure.
Proof. This is a simple consequence of the bound (4.8): the signed measure (
is absolutely continuous with respect to the Lebesgue measure on X σ for any σ > 
4).
It is natural to restrict our attention to functions that have the same limits at ±∞, in particular since this class includes the constant functions. Therefore, in view of the characterization of the domain of weighted transport operators in Theorem 3.5, we make the following assumption:
Assumption A1. We say that the domain D w (defined in (3.5)) is symmetric and denote it by
Due to the fibered structure of transport operators, the spectrum of the operator is the union of the contributions from the confinement region and its complement. Since the main reason behind the introduction of a weight is to include functions that do not decay, we introduce a new functional space, analogous to the space X σ defined in (4.4):
(4.10)
As we shall see, this space is the natural space to consider. The norm on this space is defined as
We have the following simple characterization of the spectrum. 
has an absolutely continuous spectrum in (−δ, δ) \ {0} (with no embedded eigenvalues). Moreover, the density of states satisfies
where C(σ, ℓ, L, λ 0 ) is a constant depending only on its arguments but not on f or g (here ℓ and L are parameters related to ψ as in Definition 4.2).
Remark 4.7. The constant C(σ, ℓ, L, λ 0 ) may be expressed more explicitly as
is the Lipschitz constant of the surface Γ λ0 . We refer to Theorem 4.3 and the discussion preceding it for further detail.
Proof. The results of subsection 2.4 imply that the spectrum of H w decomposes into contributions from S and from its complement S c . The spectrum of H w restricted to S c is simply R and due to Corollary 3.6 the spectrum of the restriction to S has a spectral gap depending on M , except for a possible eigenvalue (which may be of infinite multiplicity) at zero (for this only the bound M is important, rather than the assumptions on S or the continuity of the L 1 norm of the fibers of the weight functions). Therefore there indeed exists such a
We now recall the fiber decomposition (2.8) of the spectral family E w (λ) of H w
where {E 
However for 0 < |λ 0 | < δ the fibers in S do not contribute to the density of states, and, on the other hand, the weight in
Recalling estimate (4.8) we may estimate
(4.12)
If S = R d−1 the density of states is simply 0.
A uniform ergodic theorem
John von Neumann's classic ergodic theorem is:
Theorem 5.1 ( [15] ). Let G t be a one-parameter group of measure-preserving transformations of a measure space (Ω, µ). Let P be the orthogonal projection onto {v ∈ L 2 (Ω, dµ) | ∀t, v• G t = v}. Then for any f ∈ L 2 (Ω, dµ)
This is a statement on strong convergence. Another well known result is Birkhoff's ergodic theorem [2] which deals with pointwise convergence. A good reference for both theorems is [12] . Using Theroem 4.6 we now show uniform convergence (or convergence in operator norm) on a certain subspace: Proof. For brevity, define the operator
In terms of the spectral family {E w (λ)} λ∈R of H w ,
so that, assuming sufficient regularity on f ,
On the other hand, the projection operator P w is expressed as
where χ(0) = 1 and χ(λ) = 0 whenever λ = 0. Therefore the difference of the two operators is (where ǫ > 0) and estimate each term separately. We shall focus on I 3 and I 4 ; the integrals I 1 and I 2 are treated in an identical fashion. Consider first the term I 3 . Recall that in Theorem 4.6 it was shown that there exists δ > 0 such that the spectral measure of H w is absolutely continuous in (−δ, δ) \ {0}. Therefore if ǫ < δ the estimate (4.11) holds. Hence we can replace dE w (λ) by A w (λ)dλ to get Recalling Remark 4.7, the constant has the form C(σ, ℓ, L, ǫ) = C(σ, ℓ)(1 + ǫLℓ −2 ), so that 
